In the present paper, the free and forced vibration of multiple cracked multi span continuous beams made of functionally graded material (FGM) is investigated by the dynamic stiffness method. First, there are constructed dynamic stiffness matrix and nodal load vector of multiple cracked FGM beam element using Timoshenko beam theory and massless double spring model of crack. Then, effect of cracks parameters on free and forced vibration of the FGM continuous beams is examined. The theoretical developments are validated by numerical examples. The obtained results provide an efficient method to analyze free and forced vibration of multiple cracked FGM framed structures and assessment of the behavior of damaged structures.
Introduction
Functionally graded materials (FGMs) have proved to be more benefit in comparison with the laminate composites and found widespread application in the high-tech industries such as aerospace, automobile, electronics, optics, chemistry, biomedical engineering etc,... For vibration analysis of FGM structures, a number of methods have been proposed such as analytical (Nguyen, Vo, Nguyen, & Lee, 2016; Sina, Navazi, & Haddadpour, 2009 ), Rayleigh-Ritz method (Pradhan & Chakraverty, 2013) , Galerkin (Sheng & Wang, 2018) , combined Fourier series -Galerkin method (Zhu & Sankar, 2004) , differential quadrature method (DQM) (Sundaramoorthy Rajasekaran, 2013a; Sınır, Çevik, & Sınır, 2018; Tang, Lv, & Yang, 2019) , perturbation method (Sınır et al., 2018) , asymptotic development method (Cao, Gao, Yao, & Zhang, 2018) , discrete singular convolution and Taylor series expansion method (Wang & Yuan, 2017) . While the aforementioned methods are limited to apply for analysis of simple FGM beam structures, the Finite Element Method (FEM) developed in (Alshorbagy, Eltaher, & Mahmoud, 2011; Eltaher, Abdelrahman, Al-Nabawy, Khater, & Mansour, 2014; Mashat, Carrera, Zenkour, Al Khateeb, & Filippi, 2014; Naccache & El Fatmi, 2018) could be used for more complex structures such as that are composed from different beam elements. However, because the FEM is developed on the base of the static shape functions, it requires a large amount of elements to study the high frequency components of vibration. This limitation of FEM could be overcome by using the Dynamic Stiffness Method (DSM) that was developed in (J. Banerjee, 2003; Deng & Cheng, 2016; S Rajasekaran, 2013b; Su & Banerjee, 2015; Su, Banerjee, & Cheung, 2013 ; Van Lien, Khiem, & Duc, 2016) with the frequency-dependent shape functions. The most important advantage of the DSM is that allows investigating vibration of arbitrary high frequency with the minimum amount of elements.
Recently, vibrations of FGM beams with cracks have attracted attention of researchers because of the serious hazard that could be induced by the crack presence. The basic concepts of fracture mechanics for FGM structures have been given in (Erdogan & Wu, 1997; Jin & Batra, 1996) that are essentials to develop the models of crack in FGM structures. Namely, the continuous stiffness model (Christides & Barr, 1984 ; E. C. Yang, Zhao, & Li, 2015) proposes to treat a cracked FGM beam as the beam with continuously varying bending stiffness along its span. Therefore, the governing equation of vibration of the cracked FGM beam are similar to those of nonuniform beam that increases the difficulty to study beams made of FGM. An alternative model of crack that shows to be more appropriate for vibration analysis of cracked FGM beams was proposed by the use of rotational spring of stifness calculated in accordance with the concepts of fracture mechanics of FGM. Usefulness of the spring model of crack was validated in (A. Banerjee, Panigrahi, & Pohit, 2016) by using the 3D finite element formulation for an FGM beam with a crack. Using this model J. Yang, Chen, Xiang, & Jia, 2008) have calculated natural frequencies, mode shapes and also response of cracked FGM Euler-Bernoulli beams to axial and moving loads. The influence of open edge cracks, material properties, beam slenderness ratio and end supports on free vibration of FGM Timoshenko beam was studied by Ke et al. (Ke, Yang, Kitipornchai, & Xiang, 2009 ). The dynamic deflections of cracked FGM beam on an elastic foundation under a transverse moving load were studied by Yan et al. (Yan, Kitipornchai, Yang, & He, 2011) . The authors showed that the elastic foundation makes dynamic deflections of FGM beam more sensitive to cracks. The effects of the geometric and elastic characteristics on the natural frequencies and mode shapes of a cracked FGM beam rested on Winkler-Pasternak foundation were investigated by Matbuly et al. (Matbuly, Ragb, & Nassar, 2009) using differential quadrature method. The wave propagation in a cracked FGM cantilever beam under an impact force was considered by Akbas (Akbaş, 2016) . The frequency equation in the form of third-order determinant that significantly simplifies calculating natural frequencies for FGM Euler-Bernoulli beam containing an arbitrary number of open edge cracks was established by Aydin (Aydin, 2013) . The natural frequencies and mode shapes of multiple cracked FGM Timoshenko beam were investigated in (Lien, Duc, & Khiem, 2017a) , (Lien, Đuc, & Khiem, 2017b) using the rotational spring model of cracks and actual position of neutral plane (Eltaher, Alshorbagy, & Mahmoud, 2013) . The obtained results show that, natural frequencies calculated with respect to neutral axis are over estimated than those calculated at the centroidal axis. Wei et al (Wei, Liu, & Xiang, 2012) used spring model of crack to establish equations of motion of cracked FGM beam with rotary inertia and shear deformation included. Because of ignoring axial inertia, the bending vibration is uncoupled with axial one, so the model of cracks based only on rotational spring is inadequate for study of vibration in FGM beam where bending and longitudinal vibrations are usually coupled. To solve this problem, the two springs model of cracks were first instroduced by Sherafatnia et al. (Sherafatnia, Farrahi, & Faghidian, 2013) , the cracks were modelled by two equivalent springs, one translational spring and one rotational spring with different stiffnesses evaluated based on the relations of the fracture mechanics. Using this model of cracks, the authors analyzed the natural frequencies and mode shapes of cracked FGM beam by different beam theories. Furthermore, ; N. T. Khiem, Huyen, & Long, 2017) also proposed two springs model of cracks which its stiffness calculated from crack depth. Unlikely to the previous studies, new formulas for determining crack magnitude of both the translational and rotational springs are proposed for arbitrary composition of FGM. These formulas allow one to use those developed in (Chondros, Dimarogonas, & Yao, 1998a , 1998b for cracked homogeneous beam. Using that crack model, the authors investigated the sensitivity of natural frequencies to crack of the Timoshenko FGM beam and proposed an exact procedure for identifying location and depth of single crack from given natural frequencies. The FEM has been also developed for modal analysis and identification of FGM Euler-Bernoulli beam with an open crack (Akbaş, 2013) . The p-version FEM model was engaged by Yu and Chu (Yu & Chu, 2009 ) to study change in frequencies and mode shapes of FGM beams due to crack location and size.
Although there is a widespread literature devoted to study vibration of FGM intact and cracked beam, most of them investigated simple beams except the Ref. (N. Khiem, Lien, & Ninh, 2018) where multistep FGM beam with cracks was studied by the transfer matrix method. In this paper, the DSM is developed to study continuous FGM beam with arbitrary number of cracks based on the Timoshenko beam theory; spring model of cracks and power law distribution of FGM. The most important novelty of the present study is to use general solution for vibration shape of an FGM beam element with arbitrary number of cracks for constructing the dynamic stiffness matrix and load vector. This allows one to investigate crack continuous FGM beam with minimal number of elements equal to the number of spans in the beam. Moreover, the formulas proposed by ; N. T. (Fig. 1) assuming that the material properties of FGM vary along the thickness direction by the power law distribution 
where E, G, ρ and μ stand for Young's, shear modulus, material density and Poisson's ratio; subscripts t and b denote the top and bottom material; n is power law exponent; z is co-ordinate of point from the mid plane. In this study, we assumed that the value of Poisson's ratios of the top and bottom material are constants. The beam is subject to axial ( , ) p x t and transverse ( , ) q x t loads. According to the Timoshenko beam theory, displacement field of the beam is expressed as
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where ( , ) , ( , ) u x t w x t are axial displacements, deflection of a point on neutral axis; 0 h is the distance between neutral axis and central axis x; θ is the rotation of the cross-section. Then the strain and stress field is obtained from displacement field using the following relations:
where κ is shear correction factor, κ =5/6 with rectangular section beam. Using the governing equations, kinetic and potential energy of the beam and work done by the external loads are calculated as [ ] 
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Using the Fourier transformation
t w x t e dt P x Q x p x t q x t e dt
the equations of motion in the frequency domain can be obtained in the form
where the following notations for matrices, vectors have been introduced 2  2  11  12  11  12  2  2  12  22  33  12  22  33  2  33  33 
In case of free vibration equation (8) 
General solution of cracked FGM beam element
Seeking solutions of equation (9) 
Hence, general solution of the homogeneous equation (9) 
Based on (10) and (12) it is easy to verify that:
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Assume, furthermore, that the beam has been cracked at position e and crack is modeled by two springs (N. , an axial spring of stiffness T and a rotational spring of stiffness R (Fig. 2) . The conditions that must be satisfied at the crack are (Ke et al., 2009) 
It is obviously that the crack magnitudes (16) include the case of homogeneous beam where
Now, seeking a particular solution of equation (9) that satisfied conditions
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where Introducing the matrices
General solution of equation (9) satisfying conditions (15) at crack position can be rewritten as
By the manner that is employed to obtain solution (21) one is able to conduct solution of equation (9) 
So that solution of equation (9) for beam with n cracks can be expressed in the form 
Substituting governing solution expression (13) into (22) - (23), we obtain 
On the other hand, a particular solution of equation (8) can be found in the form Hence, general solution of inhomogeneous equation (8) is composed of the general solution (24) and a particular solution (27)
Dynamic stiffness matrix and nodal load vector
Let's consider an 2D-dimensional FGM beam element as shown in Fig. 3 . Nodal displacements and forces of the element are introduced as 1  1  2  1  3   2  1  2  2  2  3   1  11  1  12  2  1  22  2  12  1  1  33  3  2  0  0  0   2  11  1  12  2  2  22  2  12  1  2  33 ; ; Substituting expression (30) into (32), we get 
Eliminating constant vector { } C in equation (33) 
For a given structure that consists of a number of FGM beam elements like above, by means of balancing all the internal forces at every nodes of the structure, there will be obtained total dynamic stiffness matrix ˆ( ) ω K and nodal load vector P . Letting Û be the total DOF vector of the structure, equation of motion of which conducted by the dynamic stiffness method is
Therefore, natural frequencies { } { } n ω ω ω ω ... where
C is an arbitrary constant and { } j Û is the normalized solution of (38) corresponding to ωj.
In case of forced vibration, so-called frequency response in an element, say e-th, of the structure would be calculated by
3. Numerical results
Validation of the theoretical development
For validation of the proposed above theoretical development in this subsection, natural frequency ratios (cracked to intact), mode shapes of one-span FGM beam with different boundary conditions are computed and compared to those obtained in published studies. in different boundary conditions shows also excellent agreement of the DSM with the analytical method. This is a validation of not only the theory proposed above but also an advantage of the DSM developed for cracked FGM beam.
Free vibration of a multiple cracked FGM continuous beam
Consider a FGM multi-span continuous beam which has a rectangular section of b×h=0.1m×0.1m with material parameters: Et=70GPa; ρt=2780kg/m 3 ; μt=0.33; Eb=350GPa; ρb=7800kg/m 3 ; μb=0.33 and power law index n=0.5 (Fig. 7) . (Fig 11a-c) and the second mode shape (Fig 11d-f ) of the beam with an open edge crack at positions 0.2m, 0.3m, 0.4m on the second span with depths 10%, 20%, 30% respectively. Observing graphs in the Figures allows one to make some remarks as follows:
•
The deviation of the mode shape has got sharp peak change at the crack position, but it is not maximum value. The increasing number of cracks leads to larger changes in the mode shapes of the beam, but largest change gets to be for cracked span. The deviation of mode shape is smooth along uncracked span. The mode shape deviation is should be be easily discriminated by using the wavelet analysis of mode shapes.
• Likely to the natural frequencies, mode shapes of cracked continuous FGM beam has critical points where crack makes no change in certain mode shape like a simple span beam (Lien, Đuc, et al., 2017b) . For instance, crack at position of 0.2m from the left end of the second span does not change the first mode shape or crack at position 1.05m and 1.12m make no change in second mode shape (Fig. 11d ). These mode shape nodes are useful in the problem of crack detection by measurement of mode shape.
Forced vibration of a multiple cracked FGM continuous beam
Consider an FGM continuous beam subjected to a harmonic distribution load q0=1000N/m and forced frequency ω as shown in Fig. 12 . Observing the Figs. 13 -15 allows one to make the following remarks:
•
The vibration amplitude of deflection of cracked continuous FGM beam subjected to a harmonic distributed load gets a rough change at crack possitions, but the change is small and difficult to discriminate.
• Increasing depth and number of cracks lead to larger change in vibration amplitude of deflection, so that can be easier to observe.
• On the adjacent span, the variation of amplitude of deflection is continuous, uninterrupted, the variation amplitude can be higher at crack positions.
• The vibration amplitude of deflection of the beam increases with growing load frequency so that can be properly chosen for crack localization.
• All the chanes in deflection amplitude caused by cracks are useful indication to select a proper technique for crack detection by measurements of forced vibration amplitude.
Conclusions
In this paper, the dynamic stiffness method has been developed for vibration analysis of multiple cracked FGM continuous Timoshenko beams. Free and forced vibration of a three-span FGM continuous beam with multiple cracks have been examined to study effect of cracks and load on the beam natural frequencies, mode shapes and vibration amplitude. There are observed critical points for natural frequencies and mode shapes that are useful indicators in crack localization by measurements of the modal parameters. The crack-induced change in mode shapes and vibration amplitude of deflection demonstrates a possibility to propose an efficient procedure for crack detection by using wavelet analysis of the spatial vibration characteristics.
APPENDIX 1
A1. General solution of cub algebraic equation 
